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A unifying theoretical description of the magnetoelectric effects found in TbMnO3 is proposed. The phase
diagrams at zero and applied magnetic fields are worked out. They reveal that the “giant” dielectric effects
observed in the spiral phase of TbMnO3 result from an effective bilinear coupling of the polarization with the
magnetic order parameter. This property applies to a number of multiferroic materials, in which the electric
polarization is induced by a spiral magnetic structure. The spiral phase is shown to become unstable above
definite threshold fields, giving rise to the observed polarization flops and triggering the onset of a commen-
surate ferroelectric phase.
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It was recently observed1 that a spontaneous electric po-
larization can emerge at a magnetic transition if the magnetic
spins order in noncollinear spiral structures.2 This new type
of magnetostructural transition was reported in various
classes of the so-called multiferroic materials,3,4 in which the
correlation between spin and dipole orderings results in re-
markable magnetoelectric effects, denoting a strong sensitiv-
ity to the applied magnetic field, such as reversals or flops of
the polarization or a strong enhancement of the dielectric
constant. On the theoretical ground a number of arguments
have been raised5–7 to justify the observation of magneto-
electric effects in spiral magnets and group theoretical ap-
proaches were proposed.8,9 Here, we give a unifying theoret-
ical description of the magnetoelectric effects found in the
manganite TbMnO3, which has been used as a prototype
material in most of the theoretical approaches to multiferro-
ics. Using a Landau-type description the phase diagrams at
zero and applied magnetic fields are worked out. They show
that the dielectric effects observed in the spiral phase of
TbMnO3 �Ref. 1� result from an effective bilinear coupling
of the polarization with the magnetic order parameter. It
gives rise to a critical behavior typical of proper ferroelectric
transitions, with a divergence of the dielectric permittivity
and a critical exponent of 1

2 for the electric polarization,
whereas the magnitude of the polarization in the spiral phase
is of the order found in improper ferroelectrics. This hybrid
pseudo-proper ferroelectric behavior is characterized by a
great sensitivity to an applied magnetic field. In TbMnO3 the
observed polarization flops are shown to result from a
switching of the spiral phase to a more stable ferroelectric
phase, which triggers the onset of a commensurate structure.
The explicit critical behavior of the pertinent physical quan-
tities is worked out.

Let us first describe the phase diagram of TbMnO3 in the
absence of applied magnetic field. The Pbnm1� paramag-
netic �P� symmetry of TbMnO3, above 41 K, has four bidi-
mensional irreducible corepresentations �ICs� �Ref. 10� asso-
ciated with the incommensurate wave vector k� = �0,k ,0� with
k�0.28. Neutron-diffraction results11 show that two among
the four ICs, denoted hereafter �2 and �3, are involved in the
symmetry-breaking mechanisms occurring at the 41 and 28
K transitions. The generators of �2 and �3 are given in Table
I. The complex amplitudes corresponding to the magnetic

waves transforming according to �2 and �3 can be written,

respectively, as S̄2=S2ei�2 , S̄2
�=S2e−i�2 and S̄3=S3ei�3 , S̄3

�

=S3e−i�3. It yields the following set of basic order-parameter
invariants: I1=S2

2, I2=S3
2, and I3=S2

2S3
2 cos 2� with �=�2

−�3. The corresponding free-energy density reads
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which is an eighth-degree expansion necessary to account for
the full set of stable states.12,13 Minimizing �1 with respect
to � yields the following equation of state:

S2
2S3

2 sin 2���1 + �2S2
2S3

2 cos 2�� = 0. �2�

Equation �2� and the minimization of �1 with respect to S2
and S3 show that five distinct stable states, denoted I–V, may
arise below the P phase for different equilibrium values of
the order parameter. Their symmetries are given in Fig. 1.
The theoretical phase diagrams shown in Figs. 2�a�–2�d� in-
dicate the region of stability of each phase. The phases de-
noted I and II in Figs. 1 and 2 can be identified as the anti-

FIG. 1. Crystallographic point groups of phases I–V and corre-
sponding equilibrium conditions fulfilled by the order parameter

�S̄2 , S̄3�. Gray rectangles indicate ferroelectric phases.
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ferromagnetic phases observed in TbMnO3 below,
respectively, T1=41 K and T2=28 K.

Phase I corresponds to S3
e = 	 �−

�2

�2
�1/2 and S2

e =0. It is in-
duced by �3, in agreement with the neutron-diffraction mea-
surements by Kenzelmann et al.,11 and has the point group
mmm which allows an antiferromagnetic ordering along
y.1,11 The incommensurate modulation along y is expressed
by the invariants 
3S3

2 ��3

�y and �3��
�S3

�y �2+S3
2�

��3

�y �2� which
yield the equilibrium wave vector ke=−


3

�3
when assuming

�3=ky.
Figure 2 shows that phase II can be reached from phase I

across a second-order transition. It corresponds to the equi-
librium values S2

e = 	 �
�1�2+�2�1

�1
2−�1�2

�1/2, S3
e = 	 �

�1�1+�1�2

�1
2−�1�2

�1/2, and

�= �2n+1� �
2 and to the stability conditions �1
�2S2

e2S3
e2

�0. The polar point group mm2 of phase II is consistent
with an antiferromagnetic order in the �y ,z� planes and a
spontaneous polarization component Pz. The dielectric free-

energy density �1
D=�PzS2S3 sin �+

Pz
2

2�zz
0 gives the equilibrium

polarization

Pz
e = 	 ��zz

0 S2
eS3

e . �3�

Although the symmetry of phase II reflects the coupling of

two order parameters S̄2 and S̄3, S̄3 has been already acti-

vated at the P→ I transition and is frozen at the I→ II
symmetry-breaking mechanism, which is induced by the sole
order parameter S̄2. Therefore, Eq. �3� expresses an effective
bilinear coupling of Pz with S̄2 giving rise to a proper ferro-
electric critical behavior at the I→ II transition characterized
by a Curie-Weiss-type divergence of the dielectric permittiv-
ity �zz and a critical exponent of 1

2 for the temperature de-
pendence of Pz. This situation is reminiscent of pseudo-
proper ferroelectric transitions13 where the spontaneous
polarization has the same symmetry as the transition order
parameter, to which it couples bilinearly, but results from an
induced �secondary� mechanism. In the ferroelectric phase of
TbMnO3, Pz and S̄2 are related by a pseudo-proper-like cou-
pling since they display different symmetries. Putting �1
=a1�T−T0� and �2=a2�T−T1�, one has for T�T2 S2

e

= 	 ã�T2−T�1/2 and S3
e � 	 �

a2
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. The preceding power laws pro-

FIG. 2. Phase diagrams at zero field deduced from the minimi-
zation of the free energy �1 given by Eq. �1� in �a� the ��1 ,�2 ,�1�
space, �b� the ��1 ,�2� plane, �c� the ��1 ,�2−�1� plane, and �d� the
orbit space �I1 ,I2 ,I3�. In �a� the phases are separated by second-
order transition surfaces, which become curves in �b� and �c�. In �b�
and �c� N1 and N2 are four-phase points which become lines in �a�.
In �d� phases I and III and II and IV correspond, respectively, to
lines and surfaces, with phase V coinciding with the volume limited
by the surfaces. The paramagnetic phase is at the origin of the orbit
space.

FIG. 3. �a� Phase diagram corresponding to the free energy �1

under applied Bx or By field. It shows that above the threshold field
Bth phase II is shifted to phase V. �b�, �c� Phase diagrams associated
with the free energy �2, given by Eq. �6� in �b� the ��� ,�1�� plane
and �c� the orbit space �I1� ,I2�� with I1�=S2

2 and I2�=S2
8 cos 8�2. In

�b� the structural point groups and equilibrium conditions are indi-
cated for phases I�–III�. Hatched and solid lines are, respectively,
second- and first-order transition lines. T1 and T2 are tricritical
points.
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vide an excellent fit with the experimental curves reported by
Kimura et al.1 A conventional improper trilinear coupling
between Pz and the magnetic order parameter would lead to
an upward step of �yy at T2 and a linear dependence Pz
��T2−T�.13 Accordingly, the ferroelectric phase of TbMnO3
shows a hybrid behavior, displaying critical anomalies typi-
cal of proper ferroelectric transitions, although the magni-
tude of the induced polarization ��800 �C m−2� is of the
order usually found in improper ferroelectrics.13 Note that
Eq. �3� implies switching the sign of Pz with opposite senses
for the spiral configuration, as observed by Yamasaki et al.14

Note also that the mixed Lifshitz invariant Pz�S̄2
�S̄3

�

�y − S̄3
�S̄2

�

�y �
� PzS2S3k, assumed by Mostovoy6 to give rise to Pz, reduces
to the effective bilinear coupling expressed by Eq. �3�.

Application of a magnetic field along the x or y direction
in the spiral phase of TbMnO3 induces drastic changes and
remarkable magnetoelectric effects. The spontaneous polar-
ization is switched along the x direction above threshold
fields Bx

th=9 T and By
th�4.5 T, respectively,15 which is a

first-order lock-in transition to a commensurate structure oc-
curring with k=1 /4.15 Let us show that under Bx or By field
phase II is switched to a lower symmetry ferroelectric phase,
triggering the onset of the lock-in commensurate phase into
which the observed polarization flops take place. Taking into

account the magnetic free-energy density �1
M =�0

M2

2 −M� B� ,
Eq. �2� becomes, under Bx field,

S2
2S3

2 sin 2���1 + �2S2
2S3

2 cos 2� − �xBx
2� = 0 �4�

with �x�0. The stability condition for phase II is
�1−�2S2

e2S3
e2
�xBx

2, showing that above the threshold

field Bx
th= �

�1−�2S2
e2S3

e2

�x
�1/2, phase II becomes unstable and

switches to phase V, as shown in the phase diagram of
Fig. 3�a�. Under Bx field the magnetic symmetry mx1� of
phase V is lowered to mx. The magnetoelectric coupling
�1PxMxMzS2S3sin � favors the induced polarization compo-
nent

Px = − �xx
0 �1�0

−1BxMzS2
eS3

esin �e �5�

implying a nonzero magnetic moment Mz and a lowering of
the mx symmetry to triclinic 1, related to a rotation of the
spiral above the threshold field. The tendency of the material
to stabilize a higher-symmetry structure with a spontaneous
Px component triggers the onset of the commensurate k
=1 /4 phase at a first-order lock-in transition. A similar pro-
cess yields the lock-in structure under By field. Above the

threshold field By
th= �

�1−�2S2
e2S3

e2

�y
�1/2 phase II shifts to phase V,

the symmetry of which is lowered to mx� under By field. The
magnetoelectric coupling �2PxMxMyS2

2S3
2sin 2� lowers the

symmetry to triclinic 1 for inducing the polarization compo-
nent Px=−�xx

0 �2�0
−1ByMxS2

e2S3
e2sin 2�e, which implies a non-

zero Mx component, giving rise to the lock-in phase. The
existence of an intermediate phase between phase II and the
lock-in phase under By field is consistent with the observa-
tion by Barath et al.16 of a coexistence of distinct structural
phases in the intermediate field regime �By =4–7 T�.

The preceding description clarifies the process leading to
the formation of a lock-in phase under applied field in
TbMnO3 but does not account for the polarization flops ob-
served in this material. Let us assume that the lock-in tran-

sition decouples the S̄2 and S̄3 order parameters, which are
coupled at zero field, and show that a single order-parameter
model with S2�0 and S3=0 explains the vanishing of Pz and
correlated onset of Px which occur in TbMnO3 within the
commensurate structure. Table I gives the generators of �2
for k=1 /4. It yields the free-energy density

�2 =
��

2
S2

2 +
��

4
S2

4 +
�1�

8
S2

8 cos 8�2 +
�2�

16
S2

16 cos2 8�2,

�6�

which has to be expanded up to 16 degrees.12,13 The equation
of state

S2
8 sin 8�2��1� + �2�S2

8 cos 8�2� = 0 �7�

shows that three commensurate phases, denoted I�–III�,

TABLE I. Generators of the irreducible corepresentations �2 and �3 of the paramagnetic Pbnm1� space
group. �=kb /2 for phases I and II and �=� /4 for phase II�. T is the time-reversal symmetry. The corepre-
sentations have been deduced from the irreducible representations of the group Gk=m2m, denoted �2 and �3,
by Kenzelmann et al. �Ref. 11�, following the procedure described in Refs. 10 and 13.
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which exhibit a fourfold multiplication of the b-lattice pa-
rameter, can stabilize at zero field. The corresponding phase
diagram �Figs. 3�b� and 3�c�� shows that phase II�, which is
stable for �2= 	

�
8 and �1�
�2�S2

e8�0, has the structural
symmetry 2mm, permitting a spontaneous polarization Px

e

= 	���xx
0 S2

e4, deduced from the dielectric free energy �2
D

=��PxS2
4 sin 4�2+

Px
2

2�xx
0 . The II→ II� lock-in transition is nec-

essarily first order, in agreement with the observations of
Aliouane et al.15 Accordingly, the onset of Px in the lock-in
phase occurs after the decrease and vanishing of Pz, not al-
lowed by the symmetry of phase II�, which takes place in the
intermediate regime between phase II and the commensurate
phase. Note that assuming S2=0 and S3�0 gives an identical
result, whereas a coupled order-parameter model S2�0 and
S3�0 would lead to a lower monoclinic symmetry 2x for the
lock-in phase.

In conclusion, the order-parameter symmetry associated
with the magnetostructural transition observed in TbMnO3
clarifies the nature of the induced ferroelectric order ob-
served in this material. It explains the sensitivity of the di-
electric behavior under applied magnetic field and the result-
ing polarization flops. The same hybrid behavior is found in
other multiferroic materials such as DyMnO3, TbMn2O5,
MnWO4, or Ni3V2O8.2 In these compounds, as in TbMnO3,
the ferroelectric phase does not appear directly below the

paramagnetic phase, but below an intermediate nonpolar
magnetic phase, i.e., the loss of space inversion does not
occur simultaneously with the loss of time-reversal symme-
try. The electric polarization results from the coupling of two
distinct magnetic order parameters, where one has already
been activated in the intermediate phase. As a consequence a
pseudo-proper coupling of the polarization with a single
symmetry-breaking magnetic order parameter is created,
which gives rise to the remarkable dielectric and magneto-
electric properties observed in spiral magnets.

The polarization flops observed in TbMnO3 correspond
formally to linear magnetoelectric effects Px=�11Bx and Px
=�12By. However, the complex underlying mechanisms of
these effects have been shown to occur in two successive
steps: a shifting of phase II toward a more stable ferroelectric
phase of lower symmetry, above definite threshold fields, fol-
lowed by a field-induced lock-in to a commensurate phase,
where the symmetry of which imposes the vanishing of Pz
and the onset of Px. The observation in DyMnO3 of similar
induced flops, not associated with a commensurate high-field
phase,17 implies a stabilization of the induced Px polarization
via magnetoelectric couplings under Bx or By fields. The cor-
responding incommensurate high-field phases acquire the
monoclinic 2x or 2x� magnetic symmetries which yield a van-
ishing of Pz across the flop transitions.
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